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Performing the indicated matrix multiplications, one obtains
an expression for R containing 27 terms. This expression
simplifies somewhat when we disallow the possibilities i—j
andj=k, as previously discussed (so that <$/, =0, and 5jk = 0),
and use repeatedly the well-known identity3

M

The resulting expression for R is

R = cosa cosb cosc/+ (1 — cosa) cosb coscE,,

—I- cosa (/ -cosb)coscEjj + sina sinb coscE^
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+ sina cosb cosce^ (Ejt — Etj) + cosa sinb cosce^ (En — Eu)
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— (1 — cosa) sinb(l — cose) eijkEik

+ sina cosb(l — cose) enkElk -I- cosa sinb( 1 — cose) ejlkE,k

+ cosa cosb since Jki(Elj—Ejl) + (1 —cosa)cosb sincekilEn

— cosa(1 — cosb)sincejk/Eji + sina sinb since kilEjl

+ sina(1 — cosb) since jji Jj Jj tjkvEpv + cosa sm^ sincE^

+ (1 — cosa)sin& sincdikEjj 4-sinacos^ sinc(Eki — dikI) (13)

The general expression Eq. (13), is now specialized by
considering the two possibilities i = k, and i^k, as separate
cases:

1) If i^kf then dik =0, and l = k in permutation symbols of
the form e^/, l—j in symbols of the form ei/k, and / = /' in
symbols of the form ejk(. Since /, jt and k are all different, we
may write the identity matrix as /= En 4-E^ + Ekk. The matrix
R in Eq. (13) then simplifies, in this case, to:

R = cosb coscEjj + eijkcosb sincE^ — eiJksinbEik

+ ( —eijkcosa sine + sina sinb cosc)Ejj

+ (cosa cose-\-eijksina sinZ? s i ne )E j j + eijksina cosbEjk

+ (sina sine -I- eijk cosa sinb cosc)Eki

+ ( — e^sina cose-I-cosa sinb sine) E^ + cosa cosbEkk (14)

2) If l = k, then eijk =0, and l = 6-(i+j) is the integer from
the set (1 ,2,3) different from / andy. In this case /, j, and / are
all different, so that 7=E/v + £'j[/ + £//. The rotation matrix,
Eq. (13), then simplifies to:

R = cosbEji + sinb sincE^ — e^sinb coscE,/

+ sina smbEji+ (cosa cose —sina cosb si

-!-€/,/( cosa sine + sina cosb

-€ /y/(sina cose+cosa cosb si

-h ( — sina sine -Hcosa cosb cose)£//

sinb En

(15)

The elements of the two classes of three-rotation sequence
matrices are simply the coefficients of the basis matrices in
Eqs. (14) and (15). The expressions for these elements can be
programmed as a simple FORTRAN subroutine, the inputs to
which are the three rotation axes, specified by /', j, and k, and
the three angles of rotation a, b, and c. The computation of
the rotation matrix elements then requires only a single call to
this subroutine.

These algorithms can also be used to calculate the elements
of the degenerate matrices defined by Eqs. (2-4). We illustrate
this procedure by considering a matrix of type (2). In this
case, one simply replaces the angle c by (b + c) and the angle
b by 0, and assigns to the index j in the subroutine call the
valuey = 6- (i + k). For example, if k=l and / = 3, then j = 2
(the value from the set ( 1 ,2,3 ) different from / and k) .

As a final remark, we wish to emphasize the usefulness of
the analytical expression, Eq. (1 1), for computing the value of
the permutation symbol as a function of its indices. Our
version of a FORTRAN subroutine implementing the
preceding algorithms is available upon request.
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Introduction

THE accuracy with which a minimal point can be com-
puted by a parameter optimization method using

numerical derivatives depends on the accuracy with which the
derivatives can be computed. Numerican derivatives are
computed by differencing the performance index at a known
point and a perturbed point. Hence, the problem is to predict
the size of the perturbation so that the derivative has the most
accuracy. If the perturbation is too large, the derivative is
corrupted by truncation error, and if it is too small, by
roundoff error. Hence, derivative accuracy is achieved by
balancing the effects of these two error sources. In this paper
a procedure for determining the perturbation is proposed for
both first-order and second-order methods taking advantage
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of the iterative nature of the parameter optimization problem.
While the discussion is for a function of a single variable, it
applies to a function of n variables because the derivatives are
computed one variable at a time.

First-Order Method
The formula for the numerical derivative is obtained from

the Taylor series expansion of the performance index G(x)
about a known point x. If only first-order terms are used, the
derivative is approximated by

Gx (x) = [G(x.dx)-G(x)]/dx (1)

where dx is the perturbation. This formula also applies to a
function of n variables. To compute theyth derivative, only
they'th variable is perturbed.

A standard choice for the perturbation dx is

dx—rj\x\ 1*1 >7

\x\<l (2)

where rj is assumed to be O(10~6). For a function of n
variables, this procedure is applied to each variable, and the
same value of 77 is used for each variable. Hence, for a surface
with widely varying curvatures, each of the computed
derivatives will have a different accuracy, and convergence
will be limited by the worst one. The purpose of the method
proposed below is to eliminate this problem.

From Eq. (1), it is apparent that the number of accurate
significant figures in Gx depends on how much G(x+dx)
differs from G(x). Hence, the best perturbation is the one
that changes G as much as possible without truncation error
being a factor. Assume for the moment that a value of Gx (x)
is known, so that to the first order

= Gx(x)5x (3)

To perturb G in the kth significant figure requires that
6G/G = 10 ~k =e. Combining these two relations yields

dx=eG(x)/Gx(x) (4)

This equation gives, to first order, the perturbation that
changes G in a particular significant figure.

To compute the derivative at a point, Gx would be
estimated from Eqs. (1) and (2) and improved by using Eqs.
(1) and (4). The value of Gx in (4) would be the first computed
value. On the other hand, for iterative parameter op-
timization, the value of 6* obtained from Eq. (4) would be
used to compute Gx during the next iteration. However, this
procedure cannot be continued to the minimum because Gx
goes to zero and the predicted dx becomes infinite.

The value of e is determined in the same way the step size is
determined for a fixed-step numerical integration method.
Here, the derivative is computed for a range of values of e (say
10-1, 10 ~ 2 , 10 ~ 3 , 10 ~4 , ...), and succesive values of Gx (say

0.3482, 0.3378, 0.3374, 0.3371,...) are compared. The desired
value of e is the largest value for which two adjacent values of
Gx agree to the largest number of significant figures. In the
above example, the desired value of e is e = 10 ~ 2 . The value of
e would be computed during the first iteration, and it could be
checked every so many iterations thereafter. This is probably
not necessary for the first-order method.

The purpose of the proposed method is to provide uniform
accuracy in the derivatives so that the greatest degree of
convergence can be achieved. In a sense, this procedure could
be referred to as local scaling. However, this nomenclature
would be more obvious for second-order derivatives, where
the curvature is used in the computation.

Second-Order Method
To second order in the perturbation, the expression for the

derivative is given by

Gx=[G(x+dx)-G(x-dx)]/(2dx) (5)

A standard choice for the perturbation size is given by Eq.
(2) where i7 = O(10~4). Again, for a function of n variables,
each of the derivatives will not have the same relative ac-
curacy.

Another method for selecting dx has been proposed by
Stewart.l It uses approximate second-derivative information
to estimate the truncation error of the first-order derivative
Eq. (1). Roundoff error is assumed to be due to storing G
with a finite number of digits. Then, the perturbation is
chosen to minimize the sum of truncation error and roundoff
error. Finally, the derivative is computed using the second-
order formula Eq. (5). There are two problems with this
approach. First, the truncation and roundoff errors for the
optimum perturbation are nearly equal for the method. This
is not good because the roundoff error cannot be predicted
accurately. Second, the best perturbation for a first-order
method is smaller than that for a second-order method. (This
is indicated by the choices ?7 = 10~6 and r; = 10"4 for the
standard perturbations.) Hence, the predicted perturbation
will create more round-off error when using the second-order
formula.

A third approach for selecting the perturbation has been
proposed by Curtis and Reid.2 As in Ref. 1, the value of dx is
found for the first-order method, and then the derivative is
computed by the second-order formula. Specifically, the
truncation error for the first-order derivative is obtained by
differencing Eqs. (1) and (5). The roundoff error is assumed
to be that due to storing x and G. Finally, dx is chosen such
that the ratio of the truncation error and the roundoff error is
a prescribed constant (for example 100). While this approach
eliminates the first of the problems with Stewart's method, it
does not eliminate the second.

The method proposed here eliminates both of these
problems. It yields a perturbation for the second-order
method, and the truncation error is made as large as possible.
In general, the procedure uses first- and second-derivative
information at one point to compute the perturbation for the
next iteration. This is done by making the difference in Eq. (5)
as large as possible.

In parameter optimization, three values of G are available:
G(x-dx), G(x), and G(x + dx). With these three function
evaluations, the second derivative of G can be computed from

-2G(x)+G(x-dx)]/dx2 (6)

to second order in the perturbation. Next assume that dx, G,
Gv, and Gv v are available at a point.1 Then, the dx (say dxf))
which should have been used to perturb G in a particular

Fig. 1 Perturbation for a given 6G.
*For the first iteration, Eq. (2) would be used for the dx needed to
compute Gv and Cvv .
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Table 1 Comparison of three perturbation schemes
Convergence characteristics

Perturbation
scheme

Curtis-Reid
Eq. (9), e = 10 -3

Iterations
31
37
36

A
-2.2E-5

2.6E-5
-1.1E-7

B
6.0E-5
1.9E-6
1.6E-S

(X

0.21
1.4
0.88

\GX\
2.0E + 4

significant figure, that is, 6G = eG, can be obtained from the
Taylor series expansion

<5G = Gxdxp + G Xxdx2
p = e G

and is given by

=[- G, ± (G2
X + 2eGG,v) » ] /Gxx

(7)

(8)

As shown in Fig. 1, there exist four such values of dxp: two
solutions given by the ±, one solution for e>0, and one
solution for e<0. If GVJC>0, the desired dxp is the smaller in
magnitude of the two e>0 solutions. Similarly, e<0, if
Gvv <0. Since e and Gxx are to have the same sign and they are
multiplied together in Eq. (8), the term eGvv is written as
e\Gxx\, and e is always taken as positive. Finally, the ex-
pression for dxp can be rewritten as follows:

bxp = MinI [ -G,± (G2, + 2 e G l G v v I ) " ] / G x x I (9)

The perturbation given by Eq. (9) is used during the next
iteration to compute Gv. Note that the quantity e is computed
at the starting point in the manner described for the first-
order method, and it can be recomputed periodically during
the iteration process if necessary.

It is observed that, as the minimum is approached, G_v-*0
but G and Gxx approach constant values, meaning that 5x
approaches a constant value. Hence, while the proposed
scheme may not yield accurate derivatives away from the
minimum, the accuracy improves as the minimum is ap-
proached.

Finally, for a function of n variables, the above procedure
is used to compute the derivative with respect to each variable.
In a sense, the performance index is being scaled locally.

Example
The procedure presented here for computing numerical

derivatives has been developed for use with the square-root
variable-metric methods described in Refs. 2 and 3. The
minimization algorithm with second-order numerical
derivatives has been applied to a trajectory estimation
problem of some substance, and as shown in Ref. 4, good
results have been achieved.

The optimization problem solved in Ref. 4 consists of
computing the initial conditions for a point mass set of dif-
ferential equations along with the drag coefficient history
which causes the solution to the state and observation
equations to match radar data in a least-squares sense. The
parameters associated with the drag coefficient consist of
values of the drag coefficient at prescribed values of the time.
An interpolation scheme is used to form the drag coefficient
history. In all, the problem has 13 variables.

The initial attempt to solve the problem used Eq. (2) to
determine the increments in the parameters to be used in
computing the numerical partial derivatives. Convergence of
the scheme was very slow, using this approach, and the op-
timization program would often prematurely indicate that a

minimal solution had been found. Thus, after a few iterations
the method would not be able to compute a decrease in the
performance index, and the method would indicate that a
minimal solution had been found. It was often obvious that
these "solutions" were not minimal solutions but were the
result of inaccurate derivatives that corrupted the one-
dimensional search direction.

The sensitivity of the performance index to the various
parameters in this problem varies greatly. This varying
sensitivity does not allow accurate derivatives to be obtained
by using the simple scheme described in Eq. (2). The scheme
proposed in this paper, however, substantially improved the
accuracy of the numerical partial derivatives and, hence, the
convergence characteristics of the optimization method for
this example problem.

To get some idea how the perturbation schemes compare,
the trajectory problem of Ref. 4 has been solved using three
schemes: Eq. (2) with 17 = 10 ~4 , Curtis-Reid (Ref. 2), and Eq.
(9) with e = 10 ~ 3 . Convergence characteristics are presented in
Table 1. The quantities A, B, and a are associated with the
variable-metric optimization method. Both A and B should be
small, 0(10 ~8), at convergence, and a. should be near unity.
The quantity I G V I is the square-root norm of the 13
derivatives at convergence. The perturbation obtained from
the Curtis-Reid scheme has been limited to dx> 10 ~ 7 because
of roundoff-error considerations. The derivatives with respect
to the drag coefficient parameters all used this value. Finally,
the value e = 10 ~3for Eq. (9) has been computed in the first
iteration and used for all iterations.

These results indicate that the perturbation scheme
presented here allows the variable-metric optimization
method to achieve a lower level of convergence than the other
schemes. The better the convergence, the more confidence one
has that the minimum has been achieved.
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